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The theoretical research of the origin of magnetic skyrmion is very interesting. By using de-
composition theory of gauge potential and the gauge parallel condition of local bases of su(2) Lie
algebra, its SU(2) gauge potential is expressed as flat connection. As an example of application, we
obtain the inner topological structure of second Chern number by SU(2) flat connection method.
It’s well known that if magnetic monopole exists in electrodynamics, its Wu-Yang potential is in-
dispensable in U(1) invariant electromagnetic field. In 2-dim magnetic materials, we prove that
if magnetic skyrmion exists, its integral kernel must be U(1) Wu-Yang curvature, where its U(1)
Wu-Yang potential is the projection of SU(2) flat connection on su(2) local Cartan subalgebra.
The magnetic skyrmion can be created by performing concrete SU(2) local gauge transformation
to su(2) Cartan subalgebra σ3. The components of the U(1) Wu-Yang curvature correspond to the
emergent electromagnetic field of magnetic skyrmion.
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Magnetic skyrmions are topological spin configurations
of magnetizations, which usually originate from the chi-
ral Dzyaloshinskii-Moriya interactions and have been ob-
served in the laboratory[1, 2]. They have stimulated
the research interest associated with both spintronics
and information storage[3, 4] and have also provided a
broad stage for gauge field theory. While investigat-
ing the topological Hall effect and the Berry phase in
magnetic nanostructures[5], P. Bruno et al. developed
an SU(2) gauge transformation technique and obtained
an electromagnetic-like vector potential. In addition, G.
Tatara obtained an adiabatic spin gauge field by con-
structing a type of SU(2) gauge transformation for fer-
romagnetic metals[6]. Because magnetic skyrmions can
be locally written or deleted in various spin technologies
by varying the magnetization direction[3, 4, 7], we con-
sider that only the change of the magnetization direction
instead of its position indicates that it undergoes local
gauge transformation. Thus, the SU(2) gauge transfor-
mation of magnetization are observed to occur naturally
rather than having to be introduced. In this letter, we
discover the reason because of which the SU(2) gauge
connection Aµ can be expressed in terms of SU(2) gauge
group element U by investigating the Duan-Ge gauge
potential decomposition theory[8] and the gauge paral-
lel condition[9] of local bases of su(2) Lie algebra. Fur-
ther, by defining the components of U as the compo-
nents of a unit vector field and using Duan’s topologi-
cal current theory[10, 11], we will derive that the second
Chern number can be expressed in terms of the Hopf in-
dices and Brouwer degrees at all zero points of this vec-
tor field. Several physicists who have investigated mag-
netic monopoles have discussed the U(1) Wu-Yang poten-
tial and the invariant electromagnetism tensor in SU(2)
gauge field theory [8, 12, 13]. Here, we will prove that
the Wu-Yang potential is the projection of an SU(2) flat
connection onto the local bases of the su(2) Cartan sub-
algebra, and the integral kernel of a magnetic skyrmion is
proportional to the curvature of this Wu-Yang potential,
which is related to the emergent electromagnetic field of
magnetic skyrmion.
Let P (M,SU(2), π) be the principal bundle on a four-
dimensional orientable compact base manifold M . The
local bases of su(2) Lie algebra are defined[11, 14] as
UσiU
† ≡ ui , i = 1, 2, 3, (1)
where U is an element of the SU(2) group and Pauli
matrices σi (i = 1, 2, 3) form the basis of the su(2) Lie
algebra. SU(2) group elements U can be expressed as
U = U0 + iUaσa, (2)
and their components satisfy
(U0)2 + UaUa = 1 , a = 1, 2, 3. (3)
It can be easily proved that uiuj + ujui = 2δij .
Each local basis ui is still Lie algebra vector and can
be spanned by
ui = u
a
i σa, (4)
where uai = [(U
0)2 − (U bU b)]δai − 2U
0U bǫbia + 2U
aU i.
The covariant derivatives of ui can be written in one-
form as
Dui = dui − ig[A, ui] (5)
where A is the SU(2) gauge potential one-form.
According to Duan’s gauge potential decomposition
and inner structure theory[8], the SU(2) gauge poten-
tial can be decomposed into two parts as
A = a+ b, (6)
2where a satisfies the gauge transformation
a′ = UaU−1 +
i
g
dUU−1, (7)
and b satisfies the adjoint transformation
b′ = UbU−1. (8)
Next, we define the Clifford scalar product as
ui · uj =
1
2
(uiuj + ujui) = δij (9)
By this definition, we obtain uiui = δii ≡ 3 .
Further, it is well known that the gauge potential A is
an su(2) Lie algebra vector, and it can also be decom-
posed in terms of the local basis of the su(2) Lie algebra
A = (A · uj)uj , (j = 1, 2, 3). (10)
By substituting eq.(10) into eq.(5), we obtain
Dui = dui − ig(A · uj)[uj, ui]. (11)
Because [uj, ui] = 2ujui − 2δij, this becomes
Dui = dui − 2ig(A · uj)ujui + 2ig(A · ui). (12)
Multiplying eq.(12) with ui from the right to obtain
(Dui)ui = (dui)ui − 6ig(A · uj)uj + 2ig(A · ui)ui
= (dui)ui − 4igA. (13)
Thus, the SU(2) gauge potential A can be rewritten as
A =
1
4ig
(dui)ui −
1
4ig
(Dui)ui. (14)
By the definition ui ≡ UσiU
† and the unitarity of the
gauge transformation, we can directly prove that
dui = (dU)U
†UσiU
† + UσiU
†U
(
dU †
)
= [dUU †, ui]. (15)
Multiplying eq.(15) with ui from the right yields
duiui = 3dUU
† − uidUU
†ui. (16)
Because
dUU † = (dUU † · ui)ui
=
1
2
(dUU †ui + uidUU
†)ui
=
3
2
dUU † +
1
2
uidUU
†ui, (17)
we obtain uidUU
†ui = −dUU
†. Substituting this into
eq.(16) gives as duiui = 4dUU
†;hence, the gauge poten-
tial A can be decomposed as A = 1
ig
dUU † − 14ig (Dui)ui.
By considering the gauge parallel condition[9] Dui = 0,
we obtain the flat gauge potential expressed in terms of
gauge transformation U as
A =
1
ig
dUU †. (18)
The following discussion will denote that this flat con-
nection method can help in revealing the underlying re-
lations between the topological charges (such as Chern
number, monopole and skyrmion etc.) and the gauge
transformations. In particular, the gauge transforma-
tions of magnetization can write or delete magnetic
skyrmions on 2D magnetic materials.
As an application of the SU(2) flat connection, now
we investigate the second Chern number. Specifically, we
will use Duan’s topological current theory[10] to reveal
the inner structure of the second Chern number, which
is expressed in terms of the Hopf indices and Brouwer
degrees at all the zero points.
It is extensively known[15] that the second Chern form
can be expressed as
C2(P ) = dΩ, (19)
where Ω = g
2
8π2 Tr(A ∧ dA−
2
3 igA∧A ∧A) is the Chern-
Simons 3-form. By substituting eq.(18) into Ω and by
applying unitary condition UU † = 1, we obtain
Ω =
1
24π2
Tr(dUU † ∧ dU ∧ dU †). (20)
Further, the second Chern form can be given as
C2(P ) = −
1
24π2
Tr(dU ∧ dU † ∧ dU ∧ dU †). (21)
The second Chern class C2 is the integral of its Chern
form C2(P ) over the base manifold M that can be given
as
C2 =
∫
M
C2(P ). (22)
Using eq.(2), we can express U as
U = U0 + iUaσa = U
AsA , (a = 1, 2, 3;A = 0, 1, 2, 3),
(23)
where sA = (I, i~σ). Thus, eq.(21) can be rewritten as
C2(P ) = −
1
24π2
ǫµνλρ∂µU
A∂νU
B∂λU
C∂ρU
DTr(sAs
†
BsCs
†
D)d
4x
= −
1
12π2
ǫµνλρǫABCD∂µU
A∂νU
B∂λU
C∂ρU
Dd4x (24)
By considering the unitary condition eq.(3), we can in-
troduce a four-component field φA(x) (A = 0, 1, 2, 3) and
define UA = φ
A
‖φ‖ , yielding
dUA =
dφA
‖φ‖
+ φAd(
1
‖φ‖
). (25)
3By substituting eq.(25) into eq.(24), we can denote that
C2(P ) = −
1
4π2
∂2
∂φA∂φA
(
1
‖φ‖
)J(
φ
x
)d4x, (26)
where J(φ
x
) is the Jacobian and ǫABCDJ(φ
x
) =
ǫµνλρ∂µφ
A∂νφ
B∂λφ
C∂ρφ
D. Further, we know
that the Green’s function formula in φ-space
satisfies ∂
2
∂φA∂φA
( 1‖φ‖) = −4π
2δ4(φ), therefore
C2(P ) = δ
4(φ)J(
φ
x
)d4x. (27)
According to Duans theorem[10], if φA(x) (A = 0, 1, 2, 3)
contains ℓ isolated zeros x = zi (i = 1, 2, ..., ℓ), we will
obtain
δ4(φ) =
ℓ∑
i=1
βiδ
4(x− zi)
|J(φ
x
)|x=zi
, (28)
where βi is the Hopf index of the ıth zero. Given
the definition of the Brouwer degree ηi =
J(φ
x
)
|J(φ
x
)|
=
sgn[J(φ
x
)]|x=zi = ±1, the second Chern form eq.(27) can
be formulated as
C2(P ) =
ℓ∑
i=1
ηiβiδ
4(x − zi)d
4x, (29)
hence, the second Chern number C2 is
C2 =
∫
M
C2(P ) =
∫
M
m∑
i=1
ηiβiδ
4(x− zi)d
4x =
m∑
i=1
ηiβi.
(30)
For a given base manifold M , C2 is observed to be a
topological invariant. From eq.(21), we can conclude that
the topological charge, i.e. second Chern number, is a
gauge invariant for arbitrary local SU(2) gauge transfor-
mation. Direct application of the flat connection method
and the SU(2) group elements method had enabled us to
observe that the second Chern number is left unchanged
by the SU(2) gauge transformation,which gives us some
insights into the relation between the magnetic skyrmions
and SU(2) group elements.
While studying magnetic monopoles, ’t Hooft[16],
Duan-Ge[8], Cho[12], and Faddeev and Niemi[13] ob-
served that a non-Abelian SU(2) gauge field theory with
an SU(2) electromagnetic field tensor is required to de-
scribe the magnetic monopoles, with all but ’t Hooft ob-
serving that the decomposition theory of SU(2) gauge
potential played an important role in this description.
Duan and Zhang[11] summarized these results and ex-
tended them to the SU(N) case. The corresponding
SU(N) invariant electromagnetic tensor can be given as
f iµν = (Fµν , ni)+
i
g
(ni, [Dµnk, Dνnk]), i = 1, 2, ..., N−1,
(31)
where
ni ≡ UHiU
†, i = 1, ..., N − 1 (32)
forms the Abelian and local bases of the SU(N) Cartan
subalgebra proposed by Prof. Duan[8, 11, 14]; further,
Hi’s also forms the basis of the Cartan subalgebra of
SU(N) Lie algebra. Hi commute with each other, and it
is easy to show that ni also commutes with each other.
Finally,Fµν denotes the SU(N) gauge curvature tensor
as
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]. (33)
The SU(N) gauge potential Aµ can be projected onto
the direction parallel to the ni and orthogonal to ni [11]
Aµ = A
k
µnk + [[Aµ, nk], nk], (34)
and we can also prove that
([[Aµ, nk], [Aν , nk]], ni) = −([Aµ, Aν ], ni). (35)
By substituting eq.(34) into eq.(33) using eq.(35), we can
obtain (N − 1) invariant electromagnetic tensors
f iµν = ∂µA
i
ν − ∂νA
i
µ +K
i
µν , (36)
where
Kiµν =
i
g
(ni, [∂µnk, ∂νnk]), (37)
From the definition of the local bases of Cartan subal-
gebra in eq.(32),we can easily denote that
∂µni = [∂µUU
†, ni]. (38)
Further, eq.(38) can be straightforwardly rewritten in a
covariant derivative form as, i.e. ∂µni − ig[Aµ, ni] = 0,
where Aµ =
1
ig
∂µUU
† is exactly the flat connection as
that presented in eq.(18).
By substituting eq.(38) into eq.(37), we can denote
that Kµν is proved as the curvature tensor of the Wu-
Yang potential
Kiµν = ∂µa
i
ν − ∂νa
i
µ, (39)
where
aiµ = (Aµ, ni) (i = 1, ..., N − 1) (40)
is the i-th U(1) Wu-Yang potential. This is the gauge
potential of the magnetic monopole in SU(2) case[8,
17];however, in this study, it is exactly the Abelian pro-
jection of the flat connection A = 1
ig
dUU † in the ni di-
rection.
In the SU(2) gauge theory, there is only one Cartan
subalgebra basis element σ3. We have defined its cor-
responding local basis element as n3 = Uσ3U
† which is
4essentially u3. In the context of magnetic skyrmions in
2D magnetic materials, σ3 can be viewed as the Pauli
matrix along z-direction; therefore, the local Cartan ba-
sis n3 can be naturally treated as the unit magnetization
~m of the magnetic material.
n3 = Uσ3U
† ≡ ~m.
This equation connects the magnetization with the local
basis of Cartan subalgebra through gauge transforma-
tion. Thus, the curvature tensor of the Wu-Yang poten-
tial Kiµν in eq.(37) becomes
K3µν =
i
g
(~m, [∂µ ~m, ∂ν ~m]). (41)
Magnetic skyrmions are a type of quasi-particle that
have a vortex-like spin configuration and carry a charac-
teristic topological charge S and are observed in magnetic
materials. If Σ is a 2D manifold of 2D magnetic material
thin film, we can observe that the skyrmion charge in
this film is [18]
S =
1
8π
∫
Σ
~m · (
∂ ~m
∂xµ
×
∂ ~m
∂xν
)dxµ ∧dxν (µ, ν = 1, 2), (42)
where x1 and x2 denote the coordinates of the manifold
Σ.
By comparing eq.(41) with eq.(42), we find that the
curvature tensor K3µν of the SU(2) Wu-Yang potential is
proportional to the skyrmion’s integral kernel if a surface
with coordinates {xµ; µ = 1, 2} in the 2D manifold M is
selected . When one needs to create a Bloch type orNe´el
type magnetic skyrmions in 2D magnetic materials, we
can orient the magnetization in the desired direction by
performing local SU(2) gauge transformations to σ3 at all
the points. In addition, the emergent local electromag-
netic fields Bei and E
e
i can be written as[19] B
e
i (x, y) =
h¯
2 ǫijk ~m · (∂j ~m× ∂k ~m), E
e
i (x, y) = h¯~m · (∂i ~m× ∂t ~m). By
comparing these with eq.(42)(41), we can conclude that
the emergent electromagnetic field is proportional to the
components of the Wu-Yang curvature tensor. Further,
the topological Hall effect of magnetic skyrmions in 2D
magnetic materials is essentially the scattering of the
electrons by this emergent electromagnetic field.
By analyzing the invariant electromagnetic tensor that
was proposed and studied by Wu, Yang, ’t Hooft, Duan,
Ge, Cho, Faddeev and Niemi while investigating the
magnetic monopoles and their electrodynamics, the Wu-
Yang curvature has emerged as a part of the invari-
ant electromagnetic tensor. Thus, we can conclude that
the Wu-Yang potentials of magnetic monopoles will ex-
ist in U(1) invariant electromagnetic fields if the mag-
netic monopoles exist in electrodynamics. Our observa-
tion that the Wu-Yang curvature is proportional to the
magnetic skyrmion’s integral kernel is considerably im-
portant. Thus, the existence of magnetic skyrmions as
topological charges in 2D magnetic materials, implies the
presence of a corresponding Wu-Yang potential. Fur-
ther, magnetic skyrmions can be created by perform-
ing concrete local gauge transformations to su(2) Car-
tan subalgebra σ3, demonstrating their theoretical ori-
gins in SU(2) gauge field theory. This theory suggests
a method for the creation of magnetic skyrmions in the
laboratory. In our future work, we will focus on the rela-
tionship between the Wu-Yang potential and the Berry
connection[5].
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